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ABSTRACT

The displacement of a fluid by another less viscous one in a quasi-two dimensional geometry typically leads to
complex fingering patterns. In an isotropic system, dense-branching growth arises, which is characterized by
repeated tip-splitting of evolving fingers. When anisotropy is present in the interfacial dynamics, the growth
morphology changes to dendritic growth characterized by regular structures. We introduce anisotropy by engraving
a six-fold symmetric lattice of channels on a Hele-Shaw cell. We show that the morphology transition in miscible
fluids depends not only on the previously reported degree of anisotropy set by the lattice topography, but also
on the viscosity ratio between the two fluids, ηin/ηout. Remarkably, ηin/ηout and the degree of anisotropy also
govern the global features of the dendritic patterns, inducing a systematic change from six-fold towards twelve-fold
symmetric dendrites. Varying either control parameter provides a new method to tune the symmetry of complex
patterns, which may also have relevance for analogous phenomena of gradient-driven interfacial dynamics, such as
directional solidification or electrodeposition.

Pattern growth is ubiquitous in nature and leads to the formation of complex structures1–4. Many
interfacial patterns can be grouped into two ‘essential shapes’ or morphologies, which are repeatedly observed
in different physical systems in a wide range of length scales: isotropic dense-branching growth and anisotropic
dendritic growth. Dense-branching growth arises from repeated tip-splitting of the structures and leads to a ramified
pattern with many branches5, 6, controlled by the gradient-driven transport of mass, heat or charge to the interface.
Veins of leaves, neuronal networks and blood vessels are all examples of dense-branching growth 7–12, as are
diffusion-limited fractal electrodeposits (which are also commonly referred to as ‘dendrites’)13–15. In contrast,
anisotropic dendritic growth is characterized by stable protrusions and leads to more regular patterns with global
symmetries16, 17. Snowflakes or solidified alloys are examples of anisotropic dendritic structures with preferred
directions set by orientation-dependent surface tension17–21. Here, we show that similar dendritic patterns – with
tunable symmetry – can arise when the growth occurs in anisotropic environments.

The phenomenon of viscous fingering has played an important role in elucidating the basic principles of these
two types of growth22–25, as well as methods to control the resulting patterns26–29. Viscous fingers result from the
Saffman-Taylor instability, when one fluid is displaced by another less viscous one in the quasi-two dimensional
geometry of a Hele-Shaw cell30, 31. It has been shown that dendritic growth requires anisotropy in the interfacial
dynamics17, 32–34. In its absence, dense branching is instead the generic mode of growth23. Anisotropy fixes the
tip of an advancing interface into a stable parabolic shape that prevents it from splitting17, 35–37 and introduces
global symmetries along preferred growth directions, which are also seen in discrete models of diffusion-limited
aggregation on crystal lattices38–40. Experimentally, anisotropy can be introduced either externally in the growth
environment or internally in one of the fluids. External anisotropy can be imposed by engraving ordered channels on
one of the plates of a Hele-Shaw cell, by using channels confined with elastic membranes or by placing air bubbles
at the tips of growing fingers32, 35, 41–45. Internal anisotropy can be induced by replacing one of the fluids with a
liquid crystal in the nematic phase46.
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Previous studies have considered a particular limit of the viscous-fingering instability; the limit where the
viscosity ratio between the less-viscous inner fluid and the more-viscous outer fluid, ηin/ηout, is very low, which is
typically the case when air or water displace a viscous liquid. The patterns are then characterized by one single
growing length scale, the finger length. Under these conditions, experiments using a Hele-Shaw cell with engraved
ordered channels have identified the degree of anisotropy, defined as the ratio between the channel height h and
the plate spacing b, h/b, as a control parameter for the morphology transition from dense-branching to dendritic
growth32; dendritic structures form beyond a critical value of h/b. When the two fluids are miscible, the degree of
anisotropy is the only control parameter for the morphology transition. In the case of two immiscible fluids, the
capillary number sets the critical h/b for the transition33, 47. For miscible fluids and for immiscible fluids at high
capillary number, the dendrites directly reflect the underlying symmetry of the lattice; four-fold symmetric dendrites
grow in a four-fold symmetric lattice, six-fold symmetric dendrites grow in a six-fold symmetric lattice20. Dendrites
grow in the direction of the channels, which are the regions of largest effective plate spacing within which the flow
velocity is highest (the flow velocity is proportional to the square of the plate spacing)32, 33.

We here reveal how a previously overlooked control parameter, the ratio of the viscosities of the inner and
the outer fluid, ηin/ηout, modifies both the morphology transition and, remarkably, the symmetry of the dendritic
structures in miscible fluids. Recent studies in isotropic environments have identified the viscosity ratio as an
important control parameter that governs the global features of the patterns and that in particular introduces a
second length scale, the radius of a central region of complete outer-fluid displacement that grows concomitantly
with the fingers48, 49. This central region becomes increasingly larger, and therefore the relative length of the
fingers increasingly smaller, as the viscosity ratio between the two fluids increases48–51. Here we show that a
morphology transition from dense-branching to dendritic growth can occur over a large range of viscosity ratios. We
engrave channels creating a six-fold symmetric lattice on one of the glass plates and show that the critical degree of
anisotropy, h/b, required for the transition to dendritic growth depends on the viscosity ratio between the two liquids.
Remarkably, the dendrites can adopt a rich variety of emergent structures: they exhibit six-fold symmetric growth
far from the morphology boundary and systematically transition towards twelve-fold symmetric structures as the
boundary is approached. Our study reveals novel ways to tune both the morphology transition and the symmetry of
dendritic patterns by either controlling the viscosity ratio between the two fluids or the geometric features of the
growth environment.

Results
Morphology transitions of miscible viscous fingering in an anisotropic Hele-Shaw cell. For our experiments

we use a radial Hele-Shaw cell of diameter 280 mm and with plate spacings b varying from 125 µm to 1000 µm.
We engrave channels of height h on an acrylic plate that is placed on the bottom plate of the Hele-Shaw cell creating
six-fold symmetric lattices, as shown in Fig. 1a. The ratio between the height of the channel and the plate spacing,
h/b, defines the degree of anisotropy. The fluids are injected through a 2 mm diameter hole in the center of one
of the plates at a precise volumetric flow rate set by a syringe pump (Harvard PHD 2000). We investigate the
growth of patterns in this anisotropic environment by using pairs of miscible fluids with different ratios of viscosities
between the less-viscous inner fluid and the more-viscous outer fluid, ηin/ηout. The use of miscible fluids allows
us to investigate the role of viscosity ratio without concurrently varying the capillary number. Our experiments
are performed at large Péclet numbers, ranging between 350 – 7540, where advection dominates over diffusion
and the inter-diffusion of the fluids is negligible so that the fluids remain separated by a well-defined interface. We
complement the experiments with high-resolution numerical simulations using the finite element software COMSOL
Multiphysics (v5.4), which allows us to access the pressure distribution in the fluids. Our model closely replicates
the viscosity ratios as well as the geometry of the Hele-Shaw cell in terms of the cell diameter, the inlet hole size,
and the six-fold lattice dimensions and plate spacings. We couple the convection-diffusion mass-transport equation
from the Transport of Diluted Species Module with the continuity equation for the single-phase, incompressible flow
velocity from the Darcy’s Law Module.

In agreement with previous studies at very low viscosity ratios and high capillary numbers, we find that the
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Figure 1. Control parameters for growth morphology transition. a, Schematic representation of
the modified Hele-Shaw cell. Top image: top view of the bottom plate of the Hele-Shaw cell with an
engraved six-fold symmetric lattice. Bottom image: side view of the modified Hele-Shaw cell, denoting
the plate spacing b and the channel height h. b, Examples of dendritic growth (top, for h/b = 0.5) and
dense-branching growth (bottom, for h/b = 0.04) at low viscosity ratio ηin/ηout = 0.0013. The scale bar
is 1 cm. c, Morphology diagram controlled by the viscosity ratio ηin/ηout and the degree of anisotropy
h/b. Blue symbols denote dense-branching growth, black symbols denote dendritic growth. Experiments
are performed with engraved plates with different channel heights h and plate spacings b and at different
volumetric flow rates q. (∗) h = 28 µm, q = 1ml/min; (�) h = 28 µm, q = 10 ml/min; (�) h = 50 µm,
q = 1 ml/min; (4) h = 50 µm, q = 10 ml/min; (◦) h = 250 µm, q = 1ml/min; (+) h = 250 µm, q = 10 ml/min.
The solid line denotes a fit to (h/b - C) / (ηin/ηout) = A (A = 3 and C = 0.04 are best-fit parameters).

morphology transition from dense-branching growth to dendritic growth occurs above a value of h/b ≈ 0.0532, 47.
Below this value, fingers grow by repeated tip-splitting which results in dense-branching growth, above this value,
the fingertip is stabilized which results in dendritic growth, as shown in Fig. 1b. Remarkably though, this critical
h/b depends strongly on the viscosity ratio: as ηin/ηout increases, a higher h/b is needed to transition from dense-
branching growth to dendritic growth, as shown in Fig. 1c. We find that neither the absolute values of the channel
height h and the plate spacing b, nor the volumetric flow rate are control parameters for the morphology transition, as
shown by the different symbols used in Fig. 1c which denote experiments performed with plates of various channel
heights h ranging from 28 µm to 250 µm, various plate spacings b ranging from 125 µm to 1000 µm, and at two
different volumetric flow rates of 1 ml/min and 10 ml/min. The degree of anisotropy and the viscosity ratio are the
only parameters governing the morphology transition.

Dendritic growth adopts different symmetries. The viscosity ratio ηin/ηout and the degree of anisotropy
h/b not only determine the morphology boundary, but have a more dramatic effect on the pattern growth in the
dendritic regime. For a fixed h/b, an increase in the viscosity ratio ηin/ηout leads to a systematic change in the pattern
symmetry. Remarkably, the imposed six-fold symmetry of the engraved plate leads to six-fold symmetric growth
only at the lowest viscosity ratio. At higher viscosity ratios, the pattern instead transitions towards a twelve-fold
symmetry; in addition to the six main dendrites evolving along the straight channels, additional six sub dendrites
emerge at a 30◦ angle to the preferred growth direction, as shown in Fig. 2a. The length of the sub dendrites becomes
larger with increasing viscosity ratio and eventually comparable to that of the main dendrites. The same trend is
recovered in our simulations, as shown in Fig. 2b. A similar transition from six- to twelve-fold symmetry also occurs
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Figure 2. Systematic change from six- towards twelve-fold symmetric dendrites. a, Dendritic
patterns for different viscosity ratios obtained at h/b = 0.49 (from left to right): ηin/ηout = 0.001,
ηin/ηout = 0.01, ηin/ηout = 0.05. As ηin/ηout increases, the additional generation of sub dendrites grows
progressively larger. The scale bar is 1 cm. b, Snapshots of the simulations at h/b = 0.49 (from left to
right): ηin/ηout = 0.01, ηin/ηout = 0.05, ηin/ηout = 0.074.

for a fixed ηin/ηout with decreasing h/b. Previous studies in the limit of low viscosity ratios have seen hints towards
the onset of these additional sub dendrites52–54. Here we show their systematic growth and that they can become
comparable in size to the main dendrites within a certain range of viscosity ratio and h/b.

To quantify the change from six- to twelve-fold symmetry, we define the length of the main dendrites, Rm,
corresponding to the structures growing in the direction of the six straight channels, and the length of the sub
dendrites, Rs, corresponding to the structures growing at an angle of 30◦ with respect to the six straight channels,
as shown in the inset of Fig. 3a. For a fixed h/b, the ratio Rs/Rm monotonically increases with viscosity ratio. In
addition, a decrease in h/b leads to an increase in Rs/Rm. We can rescale all data by normalizing the viscosity ratio
with (h/b - 0.04), as shown in Fig. 3b. The factor of 0.04 will become evident in the discussion of the morphology
boundary. The numerical results are in good qualitative agreement with the experiments and exhibit the same
scaling with h/b, but yield slightly lower values of Rs/Rm compared to the experimental results. We note that the
experimental data has larger error bars at low viscosity ratios. This is a consequence of the limited space available
for dendrites to grow because of the small radius of the central region of complete outer-fluid displacement at low
ηin/ηout. As a result, not all dendrites grow, which leads to a larger variation in the average magnitude of Rs/Rm.

Discussion
The observation that both ηin/ηout and h/b allow one to systematically tune the symmetry of the patterns reveals

a novel aspect of dendritic growth. Remarkably, the change in symmetry is also directly linked to the morphology
transition to dense-branching growth. Indeed, when Rs/Rm reaches ∼ 0.85, corresponding to patterns with twelve
dendrites of almost equal size, a further decrease in h/b or a further increase in ηin/ηout induces the transition to
dense-branching growth. The morphology transition can therefore be described by the same functional form used to

4/14



Figure 3. Dependence of Rs/Rm on viscosity ratio and degree of anisotropy. a, The ratio Rs/Rm
versus ηin/ηout for h/b =1 (4), h/b = 0.49 (◦), h/b = 0.328 (�), h/b = 0.2 (�), h/b = 0.1 (∗). The gray
symbols denote experimental data, the orange symbols denote numerical data. Rs/Rm is measured when
Rm = 40 mm, but we note that Rs/Rm is almost constant throughout the growth of the pattern. b, Scaled
master curve of Rs/Rm versus (ηin/ηout) / (h/b - 0.04). The monotonic increase in Rs/Rm denotes the
systematic change from six-fold towards twelve-fold symmetric dendritic patterns.

normalize the data in Fig. 3a; the morphology boundary denoted by a solid line in Fig. 1c corresponds to

h
b
= A

ηin

ηout
+C (1)

where A = 3 and C = 0.04 are best-fit parameters. The value of 0.04 denotes the critical h/b for the morphology
transition in the limit of very low viscosity ratio.

Why do six-fold dendritic patterns only form far from the morphology boundary, and what leads to the growth
of an additional generation of dendrites as we approach the boundary? That the viscosity ratio and the degree of
anisotropy are important control parameters for determining Rs/Rm can be seen in a simplified analysis taking
into account the effective permeability at different locations corresponding to the growth of sub dendrites or main
dendrites (see Methods). Note that the effective permeability in our system is isotropic and lacks a macroscopic
preferred direction for single-phase flow. In general, the permeability tensor must be symmetric (by Onsager
reciprocity for Stokes flow) and positive definite (by the Second Law of Thermodynamics) and thus represented by
an orthogonal matrix55, so its eigenvectors, corresponding to the fastest and slowest directions, must be mutually
perpendicular56. This orthogonality is incompatible with triangular symmetry, so the permeability eigenvalues in our
textured Hele-Shaw cell must be degenerate, implying isotropic single-phase flow.

For two-phase flow, however, the gradient of viscosity at the interface between the two fluids can locally break
the symmetry and induce an anisotropic effective permeability near the interface. Using concepts derived for the
hydrodynamics of slippage on textured surfaces for two-phase flows over hydrophobic surfaces 57, 58, we consider
that the more-viscous outer fluid is partially trapped in the texture as the tip of the less-viscous fluid passes over the
texture in the middle of the channel along the “path of least resistance”. For small textures, the trapped fluid leads to
a local effective slip length tensor59, 60, bslip, which causes the effective permeability tensor to become anisotropic
and orthogonal in the vicinity of the interface56, leading to the appearance of sub dendrites that impart this square
symmetry to the pattern. In the limit of “weak anisotropy” in the slip tensor, Tr(bslip)<< b, as is the case for our
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Figure 4. Formation and growth of sub dendrites. a, Pressure field for patterns at ηin/ηout = 0.01 (top)
and ηin/ηout = 0.05 (bottom) at two different times. The lines indicate pressure contours. b, Schematic
representation of the path followed by the main dendrites Rm and the sub dendrites Rs. At a lattice junction
(indicated by the red dot in the dotted circle), the flow predominantly selects the direction along the
red arrow, which leads to the growth of the sub dendrites along the 30◦ direction, as observed in both
experiment (top image) and simulation (bottom image). c, Zoomed schematics of the lattice junction. The
combination of the global pressure distribution from the main dendrites and the local pressure distribution
from the tip of the sub dendrites leads to flow into channel 1 along the direction of the red arrow.

experiments, we find that the interface velocities of the sub dendrites and the main dendrites, and therefore Rs/Rm,
are indeed governed by ηin/ηout and h/b.

To get further insight into the growth of the dendrites, we consider their macroscopic path selection. The main
dendrites Rm grow along the six straight channels. The sub dendrites Rs, however, select a path at a 30◦ angle from
these straight channels. At early stage, two fingers form between each pair of neighboring main dendrites on each
side of the 30◦ direction, due to the anisotropy of the lattice. This is observed at any viscosity ratio, as shown in
Fig. 4a. Whether these fingers will merge towards each other and grow into a sub dendrite or merge with the main
dendrites resulting in a six-fold symmetric pattern depends on the pressure distribution imposed both globally by
the main dendrites and locally at the tip of the sub dendrites. At low ηin/ηout and high h/b, the rapid growth of the
main dendrites sets up a large pressure gradient at their tip which in turn induces a small pressure gradient in the
30◦ direction, as shown in Fig. 4a, which prevents the sub dendrites from growing. With increasing ηin/ηout and
decreasing h/b, however, the sub dendrites themselves build locally a high pressure gradient at their tips which
amplifies their growth. We provide more details about the early stage of growth in Fig. S1 of the Supplementary
Material.

Once the sub dendrites have emerged, they continue to grow along the 30◦ direction following a zig-zag path,
as illustrated in Fig. 4b. As the tip of the sub dendrite reaches a lattice junction, indicated by a red dot, the path
towards the 30◦ direction (red arrow) is selected, rather than the straight path (blue arrow). Both experiments and
simulations confirm that this occurs. This selection results from the pressure profile induced in the outer fluid by the
main dendrites, which effectively shields the sub dendrites from growing towards the main dendrites and pushes
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them towards the 30◦ direction. Indeed, when the tip of a sub dendrite reaches the entrance of a lattice junction, as
schematically shown in the zoomed-in region in Fig. 4c, it does not grow straight towards channel 2, but is deviated
towards the 30◦ direction as a result of the global pressure distribution built up by the neighboring main dendrites.
The local pressure distribution at the tip of the sub dendrite then induces a maximum pressure gradient towards
channel 1, and most of the flow goes into channel 1. We report additional details of this path selection in Fig. S2 of
the Supplementary Material. It is this combination of the global pressure distribution from the main dendrites and
the local pressure distribution from the tip of the sub dendrites that leads to the rich pattern selection in dendritic
growth.

These different paths selected by the main dendrites and sub dendrites also reveal the origin of the maximum value
of Rs/Rm ≈ 0.85. It reflects the condition where the velocity of the main and sub dendrites becomes approximately
equal. As the path selected by the sub dendrites deviates from the radial direction at each junction, the total path is
2/
√

3 times longer that of the main dendrites in the straight radial channels. The length of the main dendrite, Rm, is
therefore (2/

√
3)Rs, i.e., Rs/Rm ∼

√
3/2 = 0.866. Interestingly, once this condition is reached, a further increase

in ηin/ηout or decrease in h/b induces the morphology transition to dense-branching growth. This suggests that the
morphology transition occurs when the difference between the pressure gradient in the straight channels and the 30◦

direction becomes negligible, and therefore the role of anisotropy becomes negligible, such that the parabolic tips
can no longer be stabilized allowing for tip-splitting to occur.

In conclusion, our results reveal a rich morphology of patterns created by pairs of miscible fluids in anisotropic
systems. They demonstrate the important role of the viscosity ratio between the two fluids, which, together
with the degree of anisotropy, governs both the morphology transition from dense-branching to dendritic growth
and the selected symmetry of the dendrites. Upon approaching the morphology boundary, the dendritic patterns
systematically transition from six-fold towards twelve-fold symmetry, in the parameter regime where interfacial flow
is governed by an effective slip tensor, whose orthogonality imparts square symmetry to the original pattern.

This diversity of different dendritic patterns provides novel opportunities for tuning the growth of complex
structures, not only in viscous fingering, but perhaps also in other cases of interfacial motion limited by gradient-
driven transport processes, which lie in the same universality class61. In general, we expect that dendritic growth
following the preferred directions of an anisotropic environment will tend to acquire orthogonal symmetry for “weak
anisotropy”, whenever transport near the interface is governed by a local effective conductance tensor, which must
be orthogonal like the effective slip tensor in a weakly textured Hele-Shaw cell56. For example, in template-assisted
directional solidification62, 63, a similar morphological transition may arise, controlled by the ratio of thermal
diffusivities (analogous to the ratio of inverse viscosities here), whenever the pattern is controlled by the conduction
of latent heat away from the interface in the liquid phase. Similarly, in template-assisted electrodeposition15, 64–66, it
may be possible to tune the symmetry of dendritic patterns by varying the strength of diffusion anisotropy in the
electrolyte domain. Active control of anisotropic dendritic growth may also be achieved, for example, by applying
electric fields to control viscous fingering28, 29 over patterned, charged surfaces67 having anisotropic electro-osmotic
slip tensors68.

Methods
Experiments. Our experiments are performed in a radial Hele-Shaw cell consisting of two 19 mm thick circular

glass plates of diameter 280 mm. Six-fold symmetric lattices of diameter 145 mm are engraved on acrylic sheets
with a laser cutter (Universal Laser Systems) and placed on the bottom glass plate of the Hele-Shaw cell. The width
of the lattice channels is 800 µm, and the distance between the edges of two channels is 850 µm. Three channel
depths h of 28 µm, 50 µm, and 250 µm are used. The plate spacing between the engraved acrylic plate and the top
glass plate, b, is maintained by six spacers around the perimeter. The liquids are injected through a 2 mm hole in the
center of the top glass plate with a syringe pump (Harvard PHD 2000). The miscible fluids used in our study are
glycerol and water. We tune the viscosity of the inner fluid by mixing glycerol and water in different proportions and
we use pure glycerol as the outer fluid. The patterns are recorded with either a Point Grey camera (Grasshopper 3
GS3-U3-91S6M) at frame rates up to 9 f.p.s. or a LUMIX GH5 camera at frame rates up to 60 f.p.s.
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Simulations. The governing equations are:

∂c
∂ t

+∇ · (−D∇c+ cu) = 0

u =− k
η

∇p

∇ ·u = 0

where c is the concentration of the inner fluid and D the molecular diffusivity of the inner fluid. The molecular
diffusivity is chosen as negligible (D ∼ 10−14 m2/s) given the high Péclet numbers of the experiments. ∇ is the
in-plane gradient operator, u is the Darcy velocity set by the pressure gradient ∇p and k and η are the hydraulic
permeability and viscosity of the fluids, respectively. The flow in a Hele-Shaw cell can be approximated as quasi-
two-dimensional as the plate spacing, b, is much smaller than the radial dimension. The gap-averaged velocity of the
fluids is then u =− b2

12η
∇p with k = b2/12. Note that for miscible fluids, both the pressure and the normal velocity

are continuous at the interface. The ratio between the permeability of the channels and that of the surrounding
triangles within each lattice cell is (h+b)2/b2. We use an exponential mixing rule for the mixture viscosity and
η = ηoute−Rc, where ηout is the viscosity of outer fluid and ηin/ηout = e−R. A normal inflow velocity for flow and a
Dirichlet boundary condition (c = 1) for transport are applied at the inlet around the cell center, and atmospheric
pressure (open-flow) condition for flow and an outflow condition (n .D∇c = 0) for transport are imposed on the
outer cell boundary. The initial conditions in the entire domain are c = 0 and p = 0. We solve for pressure and
concentration fields in a fully coupled approach using the PARDISO solver and Newton’s method with dynamic
damping for highly nonlinear systems.

A simplified model to account for the effect of h/b and the viscosity ratio. Our experiments and simulations
reveal that the degree of anisotropy h/b and the viscosity ratio ηin/ηout govern the growth of the sub and main
dendrites in an anisotropic environment. We simplify our topology by considering flow in two directions with respect
to the direction of parallel engraved channels, to capture the role of h/b and ηin/ηout in governing the pattern growth:
(a) the pressure gradient ∇p is parallel to the channels, corresponding to the growth of the main dendrites and (b)
the pressure gradient ∇p is perpendicular to the channels, representing the growth of the sub dendrites, as shown
in Figs. 5a and 5b. We note that such a texture, as well as that of our more complex six-fold symmetric lattice, is
isotropic for a single-phase flow. For a two-phase flow, however, the presence of the interface leading to a gradient
of viscosity in the flow direction can locally break the symmetry and lead to an anisotropic two-phase permeability
of the interface region. To account for this, we use concepts derived for the hydrodynamics of slippage on textured
surfaces for two-phase flows over hydrophobic surfaces57, 58. In analogy to these concepts, and to account for the
local asymmetry, we consider that the more-viscous outer fluid can get partially trapped in the channels as the
less-viscous fluid flows above the texture following the path of least resistance, as schematically shown in Fig. 5c.
This conceptualization allows us to introduce a local effective slip length to model the interface region57, 59, 60, 69, 70.

We denote the height of the layer of trapped outer fluid as δ = αh, where α denotes a direction-dependent
coefficient. The local effective slip length felt by the inner fluid over a valley of height h, measured from the no-slip
boundary at the surface of the channel-free region (dashed line in Fig. 5c), scales as

bslip = h−δ

(
1− ηin

ηout

)
= h−αh

(
1− ηin

ηout

)
(2)

The enhancement of permeability due to bslip scales as

bslip

b
=

h
b
− h

b
α

(
1− ηin

ηout

)
(3)

For single-phase flow, where ηin/ηout = 1, bslip = h and the permeability above the channel is proportional to h+b.
For two-phase flow, however, bslip decreases with decreasing viscosity ratio leading to a smaller enhancement of the

8/14



Figure 5. Schematic representation of the simplified channel texture. a, The main dendrites grow
along channels parallel to the flow direction. b, The sub dendrites grow along channels perpendicular
to the flow direction. c, The effective slip length bslip at the interface between the two fluids modifies
the local permeability as the inner fluid flows above the channels. The light blue region represents the
less-viscous inner fluid, the white region represents the more-viscous outer fluid within the channel.

permeability. The decrease of bslip depends on the direction of the channels with respect to the flow, leading to a
local symmetry breaking and the rich anisotropic pattern selection.

When Tr(bslip)/b� 1, the effect of the channels dominates and an analysis in terms of an effective slip tensor is
not applicable. The case of interest here is when Tr(bslip)/b� 1, where the texture can be analyzed locally in terms
of an effective slip tensor. This effective slip tensor is positive definite and 90◦ symmetric between the fast and slow
directions56, 69,

bslip = Sθ

(
bslip,‖ 0

0 bslip,⊥

)
S−θ (4)

where Sθ =

(
cosθ sinθ

−sinθ cosθ

)
and θ is the angle between the pressure gradient and the texture. bslip,‖, bslip,⊥

are two eigenvalues of bslip. The subscripts ‖,⊥ denote the fast direction and the slow direction, respectively.
Note that here, the fast direction of the effective slip tensor corresponds to the direction of the main dendrites,
the slow direction corresponds to the direction of the sub dendrites. The two corresponding eigenvectors have a
90◦ symmetry56, corresponding to the formation of, respectively, the main dendrites at 0◦, 60◦, 120◦ and the sub
dendrites at 30◦, 90◦, 150◦.

From equation (2), we have

bslip,‖ = h
(

1−α‖+α‖
ηin

ηout

)
(5)

and

bslip,⊥ = h
(

1−α⊥+α⊥
ηin

ηout

)
(6)
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where α‖,⊥ denotes the coefficient for the fast and slow direction, respectively, related to the effective slip tensor. As
bslip,‖ > bslip,⊥, we have α⊥ > α‖.

The dimensionless effective permeability tensor scale to its value without slip is expressed as

K = I+3Ap (7)

where Ap is a dimensionless matrix describing a slip-driven plug flow in the Ap∇p direction56. We have

Ap = Sθ

(
As
(
b‖
)

0
0 As (b⊥)

)
S−θ (8)

where As
(
b⊥,‖

)
=

b⊥,‖
b+b⊥,‖

. For θ = 0◦, this gives

K =

(
Kxx Kxy

Kyx Kyy

)
=

 1+3 1
b

bslip,‖
+1

0

0 1+3 1
b

bslip,⊥
+1

 (9)

Substituting (5) and (6) into (9) yields

K =

 1+3 1
b

h(1−α‖+α‖
ηin

ηout )
+1

0

0 1+3 1
b

h(1−α⊥+α⊥
ηin
ηout )

+1

 (10)

For our case where bslip/b� 1, the effective permeability can be expressed as

κ ≈ b2

12ηin

 1+3 h
b

(
1−α‖+α‖

ηin
ηout

)
0

0 1+3 h
b

(
1−α⊥+α⊥

ηin
ηout

)  (11)

For the simplified topology in Fig. 5, the main dendrites form along the fast direction of the effective permeability
and the sub dendrites form along the slow direction of the effective permeability:

κm =
b2

12ηin
Kxx ≈

b2

12ηin

(
1+3

h
b

(
1−α‖+α‖

ηin

ηout

))
(12)

κs =
b2

12ηin
Kyy ≈

b2

12ηin

(
1+3

h
b

(
1−α⊥+α⊥

ηin

ηout

))
(13)

This shows that as ηin/ηout increases, the effective permeabilities in the main and sub channels, κm and κs, increase.
Accordingly, the interface velocities in the main and sub channels, um = κm∇p and us = κs∇p, increase. Let us now
discuss the role of the viscosity ratio ηin/ηout for the increase in permeability for both the main dendrites and the sub
dendrites. The ratio of the derivatives of the permeability for sub dendrites and main dendrites is

∂κs/∂ (ηin/ηout)

∂κm/∂ (ηin/ηout)
∼ α⊥

α‖
> 1 (14)

Therefore, for increasing viscosity ratio, the increase in permeability along the sub dendrites (slow direction) is
larger than the increase in permeability along the main dendrites (fast direction).

The ratio of the interface velocities between the sub dendrites and the main dendrites scales as

us

um
' κs

κm
' 1−

3
(

1− ηin
ηout

)(
α⊥−α‖

)
b
h +3

(
1−α‖

(
1− ηin

ηout

)) (15)
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where α⊥−α‖ ≥ 0.
This analysis shows that for the case of bslip/b� 1, us/um increases with an increase in the viscosity ratio

ηin/ηout or a decrease in the degree of anisotropy h/b. When the viscosity ratio ηin/ηout approaches 1, us/um will be
close to 1. When h/b approaches zero, us/um approaches 1. Clearly, this description is oversimplified but it does
capture the essential features of how the viscosity ratio ηin/ηout and the degree of anisotropy h/b affect the interface
velocities of the main and sub dendrites, and therefore the growth of Rm and Rs.

Data availability
The data supporting the findings of this study are available within the paper and its Supplementary Material and are
available from the corresponding author upon request.

References
1. Gallaire, F. & Brun, P.-T. Fluid dynamic instabilities: theory and application to pattern forming in complex

media. Phil. Trans. Math. Phys. Eng. Sci. 375, 20160155 (2017).

2. Cheng, X., Xu, L., Patterson, A., Jaeger, H. M. & Nagel, S. R. Towards the zero-surface-tension limit in granular
fingering instability. Nat. Phys. 4, 234–237 (2008).

3. Marthelot, J., Strong, E., Reis, P. M. & Brun, P.-T. Designing soft materials with interfacial instabilities in liquid
films. Nat. Commun. 9, 1–7 (2018).

4. Schneider, N. M. et al. Nanoscale evolution of interface morphology during electrodeposition. Nat. Commun. 8,
1–10 (2017).

5. Ben-Jacob, E., Deutscher, G., Garik, P., Goldenfeld, N. D. & Lareah, Y. Formation of a dense branching
morphology in interfacial growth. Phys. Rev. Lett. 57, 1903 (1986).

6. Paterson, L. Radial fingering in a Hele-Shaw cell. J. Fluid Mech. 113, 513–529 (1981).

7. Hickey, L. J. Classification of the architecture of dicotyledonous leaves. Am. J. Bot. 60, 17–33 (1973).

8. Nelson, T. & Dengler, N. Leaf vascular pattern formation. Plant Cell Rep. 9, 1121 (1997).

9. Shefi, O., Golebowicz, S., Ben-Jacob, E. & Ayali, A. A two-phase growth strategy in cultured neuronal networks
as reflected by the distribution of neurite branching angles. J. Neurobiol. 62, 361–368 (2005).

10. Schmitz, Y., Luccarelli, J., Kim, M., Wang, M. & Sulzer, D. Glutamate controls growth rate and branching of
dopaminergic axons. J. Neurosci. Res. 29, 11973–11981 (2009).

11. Mühlfeld, C. et al. Recent developments in 3-D reconstruction and stereology to study the pulmonary vasculature.
Am. J. Physiol. Lung Cell Mol. Physiol. 315, L173–L183 (2018).

12. Fleury, V., Gouyet, J. F. & Léonetti, M. Branching in nature: dynamics and morphogenesis of branching
structures, from cell to river networks, vol. 14 (Springer Science & Business Media, 2013).

13. Brady, R. & Ball, R. Fractal growth of copper electrodeposits. Nature 309, 225–229 (1984).

14. Bai, P., Li, J., Brushett, F. R. & Bazant, M. Z. Transition of lithium growth mechanisms in liquid electrolytes.
Enery Environ. SCI 9, 3221–3229 (2016).

15. Han, J.-H., Wang, M., Bai, P., Brushett, F. R. & Bazant, M. Z. Dendrite suppression by shock electrodeposition
in charged porous media. Sci. Rep. 6, 28054 (2016).

16. Langer, J. S. Instabilities and pattern formation in crystal growth. Rev. Mod. Phys. 52, 1 (1980).

17. Langer, J. S. Dendrites, viscous fingers, and the theory of pattern formation. Science 243, 1150–1156 (1989).

18. Couder, Y., Argoul, F., Arnéodo, A., Maurer, J. & Rabaud, M. Statistical properties of fractal dendrites and
anisotropic diffusion-limited aggregates. Phys. Rev. A 42, 3499 (1990).

11/14



19. Ben-Jacob, E., Goldenfeld, N., Langer, J. S. & Schön, G. Dynamics of interfacial pattern formation. Phys. Rev.
Lett. 51, 1930 (1983).

20. Ben-Jacob, E. & Garik, P. The formation of patterns in non-equilibrium growth. Nature 343, 523–530 (1990).

21. Yasuda, H. et al. Dendrite fragmentation induced by massive-like δ–γ transformation in Fe–C alloys. Nat.
Commun. 10, 1–8 (2019).

22. Orr, F. M. & Taber, J. J. Use of carbon dioxide in enhanced oil recovery. Science 224, 563–569 (1984).

23. Homsy, G. M. Viscous fingering in porous media. Ann. Rev. Fluid Mech. 19, 271–311 (1987).

24. Amar, M. B. & Bonn, D. Fingering instabilities in adhesive failure. Phys. D 209, 1–16 (2005).

25. Cinar, Y., Riaz, A. & Tchelepi, H. A. Experimental study of CO2 injection into saline formations. Soc. Petrol.
Eng. J. 14, 588–594 (2009).

26. Al-Housseiny, T. T., Tsai, P. A. & Stone, H. A. Control of interfacial instabilities using flow geometry. Nat.
Phys. 8, 747–750 (2012).

27. Al-Housseiny, T. T. & Stone, H. A. Controlling viscous fingering in tapered Hele-Shaw cells. Phys. Fluids 25,
092102 (2013).

28. Mirzadeh, M. & Bazant, M. Z. Electrokinetic control of viscous fingering. Phys. Rev. Lett. 119, 174501 (2017).

29. Gao, T., Mirzadeh, M., Bai, P., Conforti, K. M. & Bazant, M. Z. Active control of viscous fingering using
electric fields. Nat. Commun. 10, 1–8 (2019).

30. Saffman, P. G. & Taylor, G. I. The penetration of a fluid into a porous medium or Hele-Shaw cell containing a
more viscous liquid. Proc. R. Soc. Lond. A 245, 312–329 (1958).

31. Hele-Shaw, H. S. The flow of water. Nature 58, 34–36 (1898).

32. Ben-Jacob, E. et al. Experimental demonstration of the role of anisotropy in interfacial pattern formation. Phys.
Rev. Lett. 55, 1315 (1985).

33. Ben-Jacob, E., Garik, P., Mueller, T. & Grier, D. Characterization of morphology transitions in diffusion-
controlled systems. Phys. Rev. A 38, 1370–1380 (1988).

34. Horváth, V., Vicsek, T. & Kertész, J. Viscous fingering with imposed uniaxial anisotropy. Phys. Rev. A 35,
2353–2356 (1987).

35. Rabaud, M., Couder, Y. & Gerard, N. Dynamics and stability of anomalous Saffman-Taylor fingers. Phys. Rev.
A 37, 935–947 (1988).

36. Almgren, R., Dai, W.-S. & Hakim, V. Scaling behavior in anisotropic Hele-Shaw flow. Phys. Rev. Lett. 71,
3461–3464 (1993).

37. Ignés-Mullol, J. & Maher, J. V. Experiments on anisotropic radial viscous fingering. Phys. Rev. E 53, 3788–3793
(1996).

38. Meakin, P. Universality, nonuniversality, and the effects of anisotropy on diffusion-limited aggregation. Phys.
Rev. A 33, 3371 (1986).

39. Kertész, J. & Vicsek, T. Diffusion-limited aggregation and regular patterns: fluctuations versus anisotropy. J.
Phys. A 19, L257 (1986).

40. Stepanov, M. & Levitov, L. Laplacian growth with separately controlled noise and anisotropy. Phys. Rev. E 63,
061102 (2001).

41. Couder, Y., Cardoso, O., Dupuy, D., Tavernier, P. & Thom, W. Dendritic growth in the Saffman-Taylor
experiment. EPL 2, 437–443 (1986).

12/14



42. Zocchi, G., Shaw, B. E., Libchaber, A. & Kadanoff, L. P. Finger narrowing under local perturbations in the
Saffman-Taylor problem. Phys. Rev. A 36, 1894–1900 (1987).
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